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1. Introduction 



In this paper we introduce a generalization of topological field theory in six dimensions 
for two-form gauge fields. We analyse this theory using the techniques of BRST quantiza- 
tion for Topological Quantum Field Theories (TQFT) thus generalizing to six dimensions 
the Yang-Mills TQFTs in four dimensions studied in [0 . In section 2 we determine 
the topological BRST operator Q and show that the result is related to a Poincare super- 
symmetric theory in six dimensions with (2,0) supersymmetry. We explain how Q must 
be combined with the BRST operator of the ordinary degenerate gauge symmetry of two- 
forms to obtain a completely gauge-fixed action for the TQFT. We also briefly comment on 
the Hamiltonian presentation of the TQFT, in the spirit of In section 3, we show the 
possibility of introducing interactions, either by considering couplings of real two-forms to 
a Yang-Mills field by a Chern-Simons term. We finish by noting that our results can be 
generalized to eight dimensions where the two-form is replaced by a three-form and the 
corresponding twist leads to a supersymmetric theory that contains a gravitino, but no 
graviton. 

2. Free Case 

2.1. The fields and the Q -symmetry. 

Our aim is to construct a TQFT in six dimensions for two-form gauge fields B2 = 
^B^,^dx^ A dx'^. We chose the Minkowskian signature for the six-dimensional space. (Our 
formulae can be adapted to the Euclidian case, or other signatures, with minor modification 
in the equations.) Our basic hypothesis is that the TQFT explores quantum fiuctuations 
around the solution of the self-duality equations between two independant real two-forms 
gauge fields B2 and ^^52 



Having a pair of two-forms is necessary in order to define a "topological" invariant Id that 
does not vanish trivially (the exterior product of a three- form by itself is zero). We take 
for Icf. 



This invariant can be non trivial. Indeed, B2 and '^B2 can be defined as "connections" 
rather than as forms, and such that dB2 and d^B2 are still forms and thus are integrable. 



d[^B^p] + e^j,paP'yd[a''Bj3^] = 0. 



(2.1) 




(2.2) 
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(See 0). Then, the integral ( pT^ ) is well-defined, but can be non zero. Actually, up 
to a normalization, ( pj.2| ) must be 2-valued. This may appear as a motivation for the 
construction for a TQFT for two-forms in six dimensions. 

We notice that the gauge condition (|2.1|) implies self-duality and antiself-duality rela- 
tions for the curvatures of B2 + '^-62 and B2 — ^^-62 respectively. As such, it imposes for ten 
independent conditions separately for each gauge field combination. We will use the left 
hand side of ( |2.1| ) as gauge functions for the BRST-invariant gauge-fixing of Id-, since the 
number of gauge-independent components of the two-forms B2 and '^i?2 in six dimensions 
is precisely 2C| = 20. 

The theory must exhibit a topological BRST symmetry with a generator Q. Q is a 
graded differential operator acting on the gauge-invariant sector of the TQFT, whose fields 
are defined in the following expansion (the upper index is the ghost number) 

Faupdx^ A dx"" A dxP + "^l^dx^ A dx"" + '^f'^dx'' A dx'" 

(2.3) 

+ ^Idx^" + ^-^dx^ + LJx^ +^^+X^+ X-^ + $-3. 
MM M 

The other two-form ^B2 possess an identical expansion ( |2.3| ) and the foregoing equations 
must be duplicated in an obvious way. 

A geometrical signification presumably exists (as suggested by the formula (2.29-2.30) 
of section 2.4) for the ghosts For these fields, one has: 

QB^, = <fl, Q<fl, = d[^^l^ ^^^^ 
Q^l = = 0. 

Q is nilpotent up to a (degenerate) gauge transformation of S2, with "parameter" 

It can be used to define the equivariant cohomology of two-forms, modulo their gauge 

transformations which are discussed in section 2.4. 

The rest of the fields in ( |2.3| ) (not including the classical curvature Ff^^p of the two-form 
B^^) are antighosts, which are related to antifields in the Batalin-Vilkoviski formalism (see 
for instance |0]) and transform into auxiliary (Lagrange multiplier) fields: 

QL^ = 7^l Qvl = Q^-' = v-' Qv~^ = (2.5) 

QX-^=ri Qv = QX^=Tf Qrf = Q. 

Our purpose is to define a theory whose topological gauge conditions are the 20=10+10 
self-duality conditions for B2 and ^B2- To do so, we need to introduce 10 self-dual and 10 
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antiself-dual three-form Lagrange multipliers. These must be defined from the 15+15 fields 
H^t, and '^H^^, Following the spirit of 0, this leads us to decompose the two-form antighosts 
with fifteen components into a self-dual three-form x~Jp with ten components and a 
field Xl^ with five components X^^ay "^^ere a runs from 1 to 5. (This decomposition is 
not Lorentz covariant at each step, but the result is the Lorentz covariant BRST multiplet 
(2.9).) The same is done for the Lagrange multipliers that are the BRST transforms of 
the antighosts, which gives Hf^„p and Hl, with Hf^„p = {Q,x~Jp} and Hl = {Q,Xl^}- 
For the second set of fields with upper index we take '^xjlup '^H^^p as antiself-dual 
three-forms. 

The antighosts and Lagrange multipliers X^a)^ ^m' ^' ^L{a) -^m i^ust be elim- 
inated from the TQFT. This can be done by a brute-force gauge-fixing, obtained from the 
following Q-exact Lagrangian: 

5 5 

{Q, X-'L,+ J2^ll)^a}=vLe-X-We + J2^H^ia)La-Xll^vl)- (2-6) 

a=l a=l 

The equations of motion are delta functions that provide the desired gauge-fixing to zero 
of the fields X^^a)' ^m' ^' ^L{a) ^^'^ -^a*- Their elimination can be rephrased as follows: 
the —5 degrees of freedom of the fermions XL^a) compensated by the -|-6 degrees of 
freedom of the bosons plus the —1 degree of freedom of the fermion X~^; said differently, 
a self-dual three-form X/lJp in six dimensions is the combination of the fields (^E'^J, L^,X~^) 
with algebraic compensations between commuting and anticommuting fields. 
We thus reduce the expansion (12. 3|) and the definition (|2.5| ) of Q as follows 



F^updx^ A dx^ A dxP + '^l^dx^ A dx"" + Xnlpdx^ A dx"" A dx 



+^ldx^ + ^-"^dx^ + $3 + + 



(2.7) 



Qxplp = H^,p QH^,p = o Q%' = v;:' Qv;' = o (2.8) 

QX^ = rj^ Qrf = Q Q^-^ = r]'^ Qv~^ = 0. 

The bosonic fields H^,^p and ry^^ will eventually be eliminated as Lagrange multipliers 
for gauge conditions. Therefore, the "basic" TQFT multiplet for a two-form with self- 
duality gauge conditions is 

(S^., vE'i,, x'lp. %\ X\ $2 , $-2). (2.9) 
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This multiplet could have been our starting point, in particular in the Hamiltonian con- 
struction sketched in section 3. Since we have in addition the fields arising from the gauge 
field '^B^^ we have in effect twice the number of the above fields in the actual topological 
theory. Let us again stress that in (|2.9|), S^j^ is unconstrained. The TQFT multiplet 
of ^B^i, is completely analogous to (p^), except that '^x^lp is antiself-dual rather than 
self-dual. 

2.2. Twist. 

The multiplet ( |2.y| ) contains 34 = 15-|-10-|-6-|-3 fermionic degrees of freedom and 15-1-12 
bosonic degrees of freedom. To make the link to Poincare supersymmetry, we assume that 
two bosonic and two fermionic degrees of freedom, e.g and compensate each 

other by supersymmetry, as two topological packages in the language of [0 . What remains 
is a system of 32 fermions and 15 -|- 10 bosons, which we write as 

(S^„vI>i„X;.Vr7;\X\$"), (2.10) 

with 1 < a < 10. 

We now wish to find a supersymmetric multiplet that, after a twist, can be identified 
with the above fields. Since the fields in the above equation do not include a graviton this 
supersymmetric multiplet must possess supersymmetry transformations with less than 32 
supercharges. As we are in six dimensions the largest possible number of supercharges 
that is less than 32 is 16. The supermultiplet with this number of supercharges and a 
second-rank antisymmetric tensor gauge field is (2,0) tensor multiplet 0. 

Before giving the details of the twist in six dimensions it will be instructive to recall 
some of the essential features of the twist to relate the topological Yang-Mills theory in 
four dimensions to the supersymmetry multiplet of = 2 supersymmetric Yang-Mills 
theory [Q. The N = 2,D = A supersymmetric multiplet is given by (A^, A^, A^i, S, S) 
and it is related by the twist to the TQFT multiplet (A^, Xmn\ *^"^^) in 

the notation of ref. . The essential step in the twist proceedure is the identification of the 
SU{2)susy and SU{2)r groups in the SO{A) x SUsusyi'i) ~ SUl{2) x SU{2)r x SU{2)susy 
invariance of the SSYM theory [|1| . 

After setting the supersymmetry parameter to ry"* = 0, fj°'^ = — e"^p we find [0 that 
the N = 2 Yang-Mills transformations for A^, A^^ = (cr'^)^^\E'^'* and ^^^^ = B give 
the correct transformations for the original gauge fields and the ghosts. However, this 
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discussion can be slightly extended to recover also the BRST transformations of the anti- 
ghosts and Lagrange multipliers. Indeed, making the identifications A^^ = (cr"^")^^xLn'* + 
e^^Ty*-"^-* and B = we find that the supersymmetry transformations of eq. (3.4) of 

ref. imply, up to constants, that Sxinn'' = p{Fmn — ^^mnpqF^'^),d^^~^^ = prj^~^^ and 
Srj^-^) = 0. These variations are the BRST transformations of the antighosts after the 
self-dual Lagrange multiplier has been eliminated to enforce the gauge condition and the 
auxiliary field in the N = 2 Yang-Mills theory has been set to vanish. 

Let us now consider how the fields and the transformation laws of the BRST sym- 
metry ( |2.8| ) are related to those of the (2,0) tensor multiplet of Poincare supersymmetry 
in six dimensions. The six-dimensional spinors we are interested in transform under 
Spin{l,5)x Spin{5). The first group in this direct product is by definition the group 
under which a six-dimensional spinor transforms. The second group is an internal group 
that arises naturally for six-dimensional spinors that have their origin in eleven dimen- 
sions, where they transform under Spin{l, 10). In fact, Spin{5) is isomorphic to USP{4). 
Spinors in six dimensions have 2'^ = 8 components. The matrix B, which implements the 
relation B'y^B~^ = •y^ satisfies, B^B = 1 and B = —B. As in any even-dimensional 
space we can have Weyl spinors, but the properties of B imply that Majorana spinors 
(i.e. V* = -^V') do not exist in six dimensions. We work here not with the full 8x8 
six-dimensional 7-matrices, but with their chirally projected components which are 4x4 
matrices. 

However, in six dimensions we can have symplectic Majorana- Weyl spinors, which 
have the indices K^i where the indices a = 1,...,4 transform under Weyl-projected 
Spin{l,5) transformations and the indices i = 1,...,4 transform under Spin{5) trans- 
formations. The Majorana- Weyl condition reads 

K:, = Bfn^^Kp„ (2.11) 

where O*-' is the antisymmetric real metric of USP{4), which raises and lowers indices by 
5"* = Vf^^ Sj and Sj = S^Vt^j. The matrix B is block diagonal. If we denote its upper- and 
lower-blocks by B^ and B^ respectively, we can convert dotted indices to undotted ones 
(i.e. Xp = ^JXj and = X^B^^). We note, however, that we cannot raise and lower the 
spinor indices using the B matrix. 

The simplest supermultiplet that contains such a Majorana-Weyl spinor is the so- 
called (2,0) tensor multiplet which possess the real fields B^^^ and spinors Kai- The 
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"on-shell" counting of degrees of freedom goes as follows: the K^i obey eq. ( |2.11|) and so 
contribute 8 on-shell degrees of freedom; the five scalars live in the real field which 
obeys the constraints 

= 0^^$,, = 0. (2.12) 

The gauge field possesses a self-dual field strength Fp'^l = 3d[pB^^^ (i.e. Fp'^l = 
^Spp^i^TnF'^'^'^^'^^), which provides only 3 on-shell degrees of freedom. This is the multi- 
plet that arises in the 5-brane of M-theory. This (2,0) supermultiplet transforms under 
supersymmetry with a parameter that is also Majorana-Weyl and so has the desired 16 
components. 

The supersymmetry variations of the component fields of the (2,0) tensor multiplet 
are given, up to constants, by 























P ^C) 13 k 











(2.13) 



Examining the variation of the spinors, we find that the self-duality condition is as- 
sociated with the Weyl nature of the spinors as the Weyl projected 7-matrix (7"'"^) a/? is 
automatically antiself-dual. On the other hand, the reality condition of the scalars and the 
gauge field in the (2,0) supermultiplet follows from the symplectic Majorana condition of 
eq. ( |2.11| ) when imposed on the supersymmetry variation of the spinors. Of course k and 
K are related by their Majorana-Weyl condition, while and are related by lowering 
their indices, but it will be convenient to write the transformation laws in this way. 

We now wish to twist the above supersymmetry transformations and recover the topo- 
logical BRST transformations. Clearly the six-dimensional spin group Spin{l, 5) contains 
Spin{5). The twist consists in identifying these Spin{5) transformations with those of the 
internal Spin{5) symmetry group. The group USP{4) consists of unitary matrices that 
also preserve O*-', i.e. matrices A that satisfy A^A = 1 and A^QA = O. The latter condi- 
tion can also be written as QA = A*Q. On the other hand the 5*^2^(1,5) acts separately 
on each chiral sector and the chirally projected Spin{l, 5) transformations are isomorphic 
to SU*{4), which is the group of four by four complex matrices of determinant 1, which 
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obey BA = A*B. Hence to identify the two Spin{5) = USP{4) groups also requires us to 
identify Q = B. 

Having identified the two Spin{5) groups, we may place Spin{5) invariant conditions 
on the supersymmetry parameters and e"\ In particular, we choose 

£^^ = 0, e^, = 5rp. (2.14) 

We may write the latter constraint as e"* = pQ*" by raising indices. We can now identify 
i,j--- indices with a, P, . . . indices, since they transform in the same way under the Spin{5) 
identification. The Grassmann odd parameter p will be the "infinitesimal parameter" of 
the BRST transformation. We note that, the twist breaks the Majorana-Weyl condition on 
the supersymmetry parameters and e"*, as indeed it also breaks the Majorana condition 
in four dimensions in 0. Moreover, just as we dropped the Majorana-Weyl constraint on 
the supersymmetry parameter, we also drop it on the spinors of the multiplet, and we 
regard the scalars and as independent fields. 

Upon substituting the choice of supersymmetry parameters (|2.14|) , the transformations 
( p.l3|) become: 

5k^P = pF^+lir^'U S-^l = Pird.hp^''^ (2.15) 

d^ij = pKij - ^VtijpKl 8^ij = 0. 

We can expand the spinors Kai = i^ap and = in terms of the complete set of 
chiral 7-matrices as follows 

which makes precise the correspondence between the fermions of the TQFT and those of 
the supersymmetric theory. The matrices (7^)0/3 are antisymmetric in af3 while {'^^^^)a.p 
are symmetric in afi and also antiself-dual. As a result, Xiilp^^ is automatically a self-dual 
three-form. On the other hand the scalars in ~ $q,^ can be written as 

= {r)c.p^l = {rr^^-^^- (2.17) 

We must also impose the condition $"^0q,^ = and hence there are only ten indepen- 
dent components in $7^^. This condition implies that the TQFT multiplet contains two 
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more bosons than the supersymmetric one, as indicated by (|2.17|) . This is compensated 
by the presence of the two extra fermions (See next section.) 

Let us now combine the symmetry (|2.15| ) and the redefinitions ( p.l6| ) and ( |2.17| ), so 



as to find the transformations 

5B^, = p^l, d^l = Stj-' = 
5^l,^pd[^^% 5X' = pd^^^>' 6^-^ = pv;' (2.18) 

In these equations the indices on the fields only take the values p = 1, 2, ... 5 and 
similarly for 77^, in order to take into account ( |2.17| ). 

The comparison to the BRST equations (|2.8| ) also requires to be set to and the 
Lagrange multiplier field H^,^p to be replaced by the self-duality gauge function for B2 and 
ry^^ by 9^$'^^^. The latter conditions appear as equations of motion in the Q-invariant 
action that we will consider in the next section (see eqs. (2.21) and (2.24)). 

In addition to the above, we must introduce an analogous supersymmetry multiplet 
and carry out a corresponding twist to reproduce the BRST transformations of the another 
two-form "^-52, with similar steps as we did for B2 and its ghosts. 

2.3. The Q -invariant and gauge-invariant action. 

The property = modulo gauge transformations of the two-form B2 leads us to 
consider the following Q-invariant and gauge-invariant Lagrangian (the gauge parameter 



a is a real number, which gives the self-duality condition (|2.1|) in the limit a 0) 



Iq= {Q, X^'^'id^.B^p + e^.pa/375a'5/37 + «^/x-p) 

J (2.191 

In this expression and the foregoing, the notation cc means terms identical to the explicit 
ones, which are obtained by replacing all fields with their counterparts with the index ^. 
(One must remember that H^^p and '^H^^^p, as well as Xp.up and '^Xp.up^ are respectively 



self-dual and antiself-dual) . The action (|2.19|) indicates our choices for the gauge functions 
of ghosts and antighosts 



dM (2.20) 



Using the definition of Q and eliminating tfie fields H^^p and rj^'^ by their algebraic 
equations of motion 

H^^p = a-\d^B,p + e^,p^f3^d^''Bp^)^+^ 77^^ = a^$±2^ (2.2I) 

and since: 

1,1 + J ildpB^p + e^^p^p^d^'Bp^\'' -cc) = j - \dp'B,p\''), (2.22) 

we get 

+ ^;^d,d[p^% + d^^^^dp^l - cc. 



(2.23) 



The BRST invariance of the action, after elimination of auxiliary fields, is 



QBp, = ^l^ Q^l^ = d[p^l^ Q^l = dp^' Q^' = 
Qx;;i,p = cx-\Fs Fs)lVp Q%^=v;' QVp' = (2.24) 

QX' = dp^l = dp^f. 

One has of course all mirror equations obtained by putting the index on all fields, and 

The two last terms of the action ( p.23|) can be combined into Thus, one 

has finally: 

Id + Iq- ho, = I a-'\dpB^p? - X'^^'dyp^l^^ + ^'d^^^U " 35) 
- ^-^dpd^^"^ + ^Z'^d^dp^l - cc. 

This S'0(5, l)-invariant Q-invariant action, which we have determined by using the 
self-duality gauge function in(pTT|) for the two-form and Feynman-Landau-type gauge func- 
tions for the gauge invariances of the topological ghosts, is suitable for defining the TQFT. 

To uncover the relation to a supersymmetric action, one must cancel the fermionic 
ghosts against, for instance, the components of the vector ghosts as already 
indicated in section 2.2 at the level of transformation laws. This gives the action 

5 

/ a-^\dpB,p\^ - x'^^^ai^vE'i^] + %^d,^\p,^ - X'dpVp' + J2 ^a'd^dp^l - cc. (2.26) 

a=l 



The compensation between and which we can call "topological packages" as in 
0, can in principle be done in a Parisi-Sourlas-type way The 5'0(1,5) symmetry 
now seems broken down to SO{5) ~ USP{4); as shown in section 2.2, the restoration 
of 5*0(1, 5) invariance in the context of (2,0) D = 6 supersymmetry can be achieved by 
reinterpreting the ten fields 1 < a < 5, as the ten 5'0(1,5) scalar components of a 

complex traceless antisymmetric USP{4) tensors then, by doing all other changes of 
variables (|2.16| ) and (|2.17| ), the action (|2.26| ) reads as a sum of two free six-dimensional 



actions depending on a self-dual and an antiself-dual (complex) two-form. 

Our conclusion is that the free TQFT action ( p.23| ) can be twisted into a free 5*0(5, 1) 



invariant action depending on a pair of D = 6 Poincare two-form multiplets plus a decou- 
pled action depending on two compensating "topological packages" . Overall, this mecha- 
nism is reminescent of that found in 0, where all superstring actions are connected, by 
various twists, to a purely topological unifying superstring action with a large enough value 
of supersymmetry on the worldsheet. 

2.4- Completion of the gauge- fixing. 

We now turn to the gauge-fixing of the remaining ordinary gauge invariances of the 
action (|2.25|) . The result must be a completely gauge-fixed action, invariant under a 
completely nilpotent topological BRST symmetry. The ordinary ghost field spectrum of a 
two-form is 

B^^dxf' A dx'' + V^dx^ + y-^dx^ + + m'^ -f n. (2.27) 

It indicates that an "on-shell" two-form in six dimensions, with kinetic energy 
counts for Of = 6 degrees of freedom. (6 = 15 — 2-6 + 3-1.) Once the fields ( |2.27|) are 
introduced, one combines the BRST operator Q of section 2.3 with the BRST operator for 
the ordinary gauge symmetries of two-forms. The latter involves the fields in ( |2.27| ). This 
gives a combined nilpotent topological BRST operator s, defined as: 

s^'^, = = (2.28) 

s$ = sm = $. 

The possibility of having a geometrical interpretation for the two-form and its ghosts, 
briefiy mentionned in the introduction, relies on the following unifying equation: 

{d + s){Bf,^dx'' A dx"" + V^dx^ + m^) =Gs + ^l^dx'' A dx"" + ^Idx^ + $^ (2.29) 
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{d + s) {Gs + "^l^dx" A dx'' + ^Idx" + = 0. (2.30) 
For the antighosts, one has: 

sX/lJp = H^^p sH^^p = s$-2 =77-1 sj]-^ =0 

(2.31) 

S$-3 = 77-2 877"^ = SX^ = 77^ 877^ = 

sy-i = b-^ sb^ = 8771-2 = p-^ 8/3"^ =0 sn = P^ 8/3^ = 0. (2.32) 

The gauge-fixing of the ordinary gauge invariance of the two-form gauge field Bp^^, and 
of its ghosts is reahzed by the following action, which must be added to the action ( p.25|) : 

Igf = I s{V-' (a.S[^.] + dpn + hp) + m-'dpV^ - cc). (2.33) 

After expansion and elimination of fields with algebraic equations of motion, one gets: 

Igf ~ [ + \dpn^\^ + m-''dpd^m^ 

7 (2.34) 

- V-'d[pd,]V,' + p-'dpV^ + P'dpVp' - Vp-'d.<fl^^ ) - cc. 

By construction, the complete and fully gauge-fixed action Itop + Igf is invariant under 
the action of s. The last term in (|2.34|) can be absorbed into a redefinition 77"^ — » T]~^+Vp^^ 
in ( ra) , and then (3^ ^ (3^ + X^. 

3. Hamiltonian pre8entation 

To establish a link with the earliest introduction of the Yang-Mills TQFT by Witten 
1^, we observe that part of the Hamiltonian can be written as if = Q}, with 



d^x^lj (x) — cc) exp iV — cc 

O-tSij \X) 



(3.1) 



d^x^ii-j^ (x) - cc) exp -iV (3.2) 

J d''xe'^^''^B,^{x)dk'Bim{x). (3.3) 

Here, all indices z,j are five-dimensional. The field \l/~^(x) has 10 components and is 
replaced by the self-dual three- form x^Jp(x) in six dimensions. Of course, this suggests that 
there is an interesting five-dimensional action, J ^i?2 A dB2 , which should be independently 
quantized, perhaps by generalizing the method given in [110] for higher-dimensional Yang- 



Mills Chern-Simons theories [|Tl|. Notice that there is the possibility of adding to "^i?2 A(ii?2 
a Yang-Mills- and/or gravitational Chern-Simons- term, since B2 can be defined as a gauge 
field two-form, as noted in the introduction H. 
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4. Interacting cases. 

4.1. Interactions with a Yang-Mills theory through a Chern-Simons coupling. 

Coupling witli a Yang-Mills theory can be introduced by adding by adding a Chern- 
Simons term to the Abelian curvature of the two- form, and a Yang-Mills term Jg Tr|F^,^p 
to the action of the two-forms that we will shortly determine. One defines 

G:i = dB2 + XT^{AAdA+-AAAAA), (4.1) 

3 

where A is a constant, possibly adjusted to provide theories with anomaly-compensating 
mechanisms. 

One modifies Q in ( |2.28| ) as follows (( |2.31[ ) and ( |2.32| ) remain the same) 

ss^. = vi>i, + + ATY(ca[^A.]) s^l, = d[^^% s$j = ^ q 

sV^ = -$2 ^ Q^^2 _ XTr (ccA^) sm^ = $3 _ ^Tr(ccc). 

sAf^ = d^c + [A^, c] sc = -cc. 

(4.2) 

One still has s^ = 0. One must complete the BRST equations by sc = 6, s6 = for the 
sake of gauge-fixing the ordinary Yang-Mills symmetry. The action is as in (|2.19D , except 



that in the gauge function ( |2.1| ), F3 = dB2 is replaced by Gs- (Notice that sG^ = d^.) 
Generalizing what we did in section 2, we get the following Q-in variant action 



|2 



/q ~ y Tt\F^^\'' + ^\d[^B,p] + XTr{A[^d,Ap] + ^^Ai^A^A^]] 

+ ^-^d,d[^^l^ + d,^-^d^^l - - cc. 

This action generalizes ( |2.25| ) and contains interactions between A^, and B^^,. As for the 
link to Poincare supersymmetry, which holds true in the free case A = 0, we do not know 
whether it is compatible with the interacting terms, for the transformation laws and for 
the action. 

4.2. Coupling to a Yang-Mills TQFT. 

In six dimensions, there is a Higgs Yang-Mills TQFT . Rougly speaking, this theory 
is a dimensional reduction of the eight- dimensional pure Yang-Mills TQFT with octonionic 
self-duality equations as gauge functions, for which the topological BRST symmetry is also 
related to Poincare supersymmetry. Its action can be substituted to Tr|F^t,p in (|4.3|) . One 



must modify ( ^4.2| ) to take into account the transformation law of the Yang-Mills field as 
given in 0]. This gives new ghost interactions which modifies ( [4.3| ). 
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5. Higher Dimensions than six. 

Here we consider the TQFT for a self-dual three-form in eight dimensions. Formula 
( ^?7|) becomes: 



F^^p^dx^ A dx" A dxP A dx" + '^],^pdx^ A dx"" A dx^ + x^llpadx^ ^ dx" A dx^'dx'' 

+ ^%dxP A rfx^ + $;:^^c^x^ A rfx^ $Jrfx^ + ^Idx^ + ^-^dx^ + $4 + $2 + $-2 ^ $-4_ 

(5.1) 

Xpupa is a self-dual four-form antighost adapted for the eight-dimensional self-duality con- 
dition of the curvature of S3. Notice that there is no need to double the degrees of freedom 
as in six dimensions, since a single three- form determines the invariant J^dB^ A dB^. By 
generalizing what we did in six dimensions, we obtain fermionic Lagrange multipliers fields 
that are a two-form ?7~J and three zero- forms 77^"^ and 77"^. Eventually, the TQFT multiplet 
( P^) becomes 

The number of degrees of freedom of the TQFT, in addition to that of the 3-form Bp^p, is 
2 ■ 28 -f 4 = 60 for the bosons and 56 -f 35 + 28 + 3 • 8 3 = 146 for the fermions. This set of 
fields can be twisted into the D=8 supermultiplet of a three-form made of two two-forms, 
two one-forms, two zero-forms, and one gravitino and three spinors 

(S^,p,2A^„2A^,2$,1^'^,3k") (5.3) 

This = 1 multiplet has on-shell states that are given by tensor product of the on-shell 
states of the = 1 Yang-Mills multiplet with the 4 -f 4 of the little group SO (6). Let 
us indeed check how the counting of degrees of freedom of the supersymmetric multiplet 



( ^.3|) matches that of the TQFT in (|5.2| ). When counting the number of degrees of freedom 
we must as usual subtract the ones which are pure gauges. The number of boson degrees 
of freedom is thus 7 ■ 6 = 42 for both two-forms, 7 ■ 2 = 14 for the two one-forms and 
2 for both zero-forms, which makes 58 boson degrees of freedom to be added to those 
of the three-form. For the gravitino and three spinors, the spinor index a runs over 16 
values. Thus we have 6 ■ 16 = 96 degrees of freedom for the gravitino and 3 ■ 16 = 48 ones 
for the three spinors, that is 144 = 96 + 48 fermionic degrees of freedom. If, as in the 
six-dimensional case, we eliminate a pair of bosons against a pair of fermions in (|5.2| ) , for 
instance against 77^"^, we get an exact matching between the fields in the TQFT system 
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( ^■2|) and the field of tlie supersymmetric system ( |5.3|) , witfi 58 bosons and 144 fermions. 
This indicates the possibility of a twist between the two systems. The striking difference 
between the situations in six and eight dimensions is the apparition of the gravitino in 
eight dimensions, which gives a supersymmetric theory depending on a spin-3/2 field with 
no gravity coupling. Again, interactions with Yang-Mills field can be introduced by adding 
Chern classes in the self-duality equations, while the Yang-Mills dynamics can be defined 
from an eight- dimensional TQFT as in [Q. 

Preliminary computations also suggest that the TQFT system in ten dimensions for 
a self-dual four-form might be twistable into the supersymmetric multiplet of type IIB 
supergravity. 



6. Conclusion 

We have shown that the notion of a twist between TQFTs and supersymmetric theories 
can be generalized from that known to exist in two and four dimensions provided one 
eliminates topological pairs. In particular, we have considered a topological theory of two- 
forms in six dimensions and established the relation of its BRST symmetry to the twisted 
transformations of the tensor supermultiplet of (2, 0) Poincare supersymmetry. Although 
there are a number of features of the twisting procedure that remain mysterious, it is 
apparent that there is a general relationship between supersymmetry transformations and 
the BRST transformations associated with topological theories. Central to this relationship 
is the fact that TQFTs involve self-duality conditions as their gauge-fixing conditions and 
that self-duality conditions arise naturally in supersymmetric theories as a consequence of 
the intimate relationship between self-duality, supersymmetry and spinor chirality. It is 
interesting to note that the six and four dimensional supersymmetric theories both contain 
spinor fields which satisfy a symplectic Majorana condition. 

We have also presented interactive theories that could be interesting to explore. In 
eight dimensions, there are indications that these features repeat themselves for the theory 
of three-forms, leading, after a twist, to a theory with a gravitino, but no graviton. 

An intriguing open question is to examine if another expression of the six-dimensional- 
TQFT can be untwisted in the action recently proposed in [|T^| for self-dual two-forms. 
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